Abstract. Frames play significant role in various areas of science and engineering. In this paper, we introduce the concepts of frames for End * A (H, K) and their generalizations. Moreover, we obtain some new results for generalized frames in Hilbert modules.
Introduction and preliminaries
The concept of frames in Hilbert spaces has been introduced by Duffin and Schaeffer [8] in 1952 to study some deep problems in nonharmonic Fourier series. After the fundamental paper [7] by Daubechies, Grossman and Meyer, frame theory began to be widely used, particularly in the more specialized context of wavelet frames and Gabor frames [9] .
Traditionally, frames have been used in signal processing, image processing, data compression and sampling theory. A discreet frame is a countable family of elements in a separable Hilbert space which allows for a stable, not necessarily unique, decomposition of an arbitrary element into an expansion of the frame elements.
In this paper, we introduce the concepts of frames for End * A (H, K) and their generalizations. Also we prove some new properties and we give some examples.
Let I be a finite or countable index subset of N. In this section we briefly recall the definitions and basic properties of C * -algebra, Hilbert A-modules, Frames in Hilbert A-modules and their generalizations. For information about frames in Hilbert spaces we refer to [3] . Our reference for C * -algebras is [5, 4] . For a C * -algebra A if a ∈ A is positive we write a ≥ 0 and A + denotes the closed cone of positive elements in A.
Definition 1.1. [4] . If A is a Banach algebra, an involution is a map a → a * of A into itself such that for all a and b in A and all scalars α the following conditions hold:
(1) (a * ) * = a. (2) (ab) * = b * a * . (3) (αa + b)
* =ᾱa * + b * .
Definition 1.2. [4]
. A C * -algebra A is a Banach algebra with involution such that :
for every a in A.
Examples 1.3.
(1) B(H) the algebra of bounded operators on a Hilbert space H, is a C * -algebra, where for each operator A, A * is the adjoint of A. (2) C(X) the algebra of continuous functions on a compact space X, is an abelian C * -algebra, where f * (x) := f (x).
(3) C 0 (X) the algebra of continuous functions on a locally compact space X that vanish at infinity is an abelian C * -algebra, where f * (x) := f (x).
Definition 1.4. [10] . Let A be a unital C * -algebra and H be a left A-module, such that the linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped with an A-valued inner product ., . : H × H → A, such that is sesquilinear, positive definite and respects the module action. In the other words,
(1) x, x ≥ 0 for all x ∈ H and x, x = 0 if and only if x = 0.
(2) ax + y, z = a x, y + y, z for all a ∈ A and x, y, z ∈ H. (3) x, y = y, x * for all x, y ∈ H.
For x ∈ H, we define ||x|| = || x, x || (1) Let X be a locally compact Hausdorff space and H a Hilbert space, the Banach space C 0 (X, H) of all continuous H-valued functions vanishing at infinity is a Hilbert C * -module over the C * -algebra C 0 (X) with inner product f, g (x) := f (x), g(x) and module operation (φf )(x) = φ(x)f (x), for all φ ∈ C 0 (X) and f ∈ C 0 (X, H).
x k ∈ H k , such that the series k∈N x k , x k A is norm-convergent in the C * -algebra A, we define the inner product by
The direct sum of a countable number of copies of a Hilbert C * -module H is denoted by l 2 (H).
Let H and K be two Hilbert A-modules, A map T : H → K is said to be adjointable if there exists a map T * : K → H such that T x, y A = x, T * y A for all x ∈ H and y ∈ K.
We also reserve the notation End C, D, such that for all x ∈ H,
The numbers C and D are called lower and upper bounds of the g-frame, respectively. If C = D = λ, the g-frame is λ-tight. If C = D = 1, it is called a g-Parseval frame. If the sum in the middle of (1.1) is convergent in norm, the g-frame is called standard.
. Let H be a Hilbert A-module over a unital C * -algebra. A family {x i } i∈I of elements of H is an * -frame for H, if there exist strictly nonzero elements A, B in A, such that for all x ∈ H,
The elements A and B are called lower and upper bounds of the * -frame, respectively. If A = B = λ 1 , the * -frame is λ 1 -tight. If A = B = 1, it is called a normalized tight * -frame or a Parseval * -frame. If the sum in the middle of (1.2) is convergent in norm, the * -frame is called standard.
. We call a sequence {Λ i ∈ End * A (H, V i ) : i ∈ I} an * -g-frame in Hilbert A-module H over a unital C * -algebra with respect to {V i : i ∈ I} if there exist strictly nonzero elements A, B in A, such that for all x ∈ H,
The elements A and B are called lower and upper bounds of the * -g-frame, respectively. If A = B = λ 1 , the * -g-frame is λ 1 -tight. If A = B = 1, it is called an * -g-Parseval frame. If the sum in the middle of (1.3) is convergent in norm, the * -g-frame is called standard.
for all i ∈ I, then {Λ i } i∈I is said to be a K-g-frame for H with respect to {V i } i∈I if there exist two constants C, D > 0 such that
The numbers C and D are called K-g-frame bounds. Particularly, if
The K-g-frame is C-tight.
A family {x i } i∈I of elements of H is an * -K-frame for H, if there exist strictly nonzero elements A, B in A, such that for all x ∈ H,
The elements A and B are called lower and upper bound of the * -K-frame, respectively.
The numbers A and B are called lower and upper bounds of the * -K-g-frame, respectively. If
The * -K-g-frame is A-tight.
some results for generalized frames in Hilbert A-modules
We begin this section with the follwing lemma.
Lemma 2.1. Let H be a Hilbert A-module over a unital C * -algebra. Then: 
Proof. Let {x i } i∈I be an * -frame for H, then there exist strictly nonzero elements a and b in A, such that for all x ∈ H,
By lemme 2.1 we have
We pose A = aa * and B = bb * , then A and B are strictly positive elements in A.
Conversely, let A and B are strictly positive elements in A, such that for all
A and B are strictly positive elements in A then there exist a and b in A such that A = aa * and B = bb * .
Therefore {x i } i∈I is an * -frame for H. 
A family {x i } i∈I of elements of H is an * -Kframe for H, if and only if there exist strictly positive elements A, B in A, such that for all x ∈ H, 
For a sequence of Hilbert A-module {K i } i∈I , the space ⊕ i∈I K i is a Hilbert Amodule with the inner product A
where the series converges in the strong operator topology.
A (H, K) such that for all i = 1, ..., n T i is injective and has a closed range.
Then for all i = 1, ..., n, we have
is a frame for End * A (H, K). Example 3.3. Let {T i } i∈N * ⊂ End * A (H, K) such that for all i ∈ N * T i is injective, has a closed range and T i ≤ 1 i . Then for all i ∈ N * , we have
for all T ∈ End * A (H, K). This shows that {T i } i∈N * is a frame for End * A (H, K). Theorem 3.4. A sequence {T i ∈ End * A (H, K) : i ∈ I} is a frame for End *
A (H, K) if and only if it is a g-frame for H with respect to K.
Proof. Let {T i } i∈I be a g-frame for H with respect to K.
Then there exists two positive constants A and B, such that
i.e {T i } i∈I is a frame for End * A (H, K). Conversely, assume that {T i } i∈I be a frame for End * A (H, K). Then there exists two positive constants A and B, such that
Let y ∈ H and T ∈ End *
thus {T i } i∈I is a g-frame for H with respect to K. where the series converges in the strong operator topology.
Theorem 4.2. A sequence {T i ∈ End *
A (H, K) : i ∈ I} is a generalized frame for End * A (H, K) if and only if it is an * -g-frame for H whit respect to K. Proof. Let {T i } i∈I be an * -g-frame for H with respect to K.
Then there exist strictly positive elements A and B in A, such that
i.e {T i } i∈I is a generalized frame for End * A (H, K). Conversely, assume that {T i } i∈I be a generalized frame for End * A (H, K). Then there exist strictly positive elements A and B in A, such that
Let y ∈ H and T ∈ End * A (H, K) such that T * x = y, then
thus {T i } i∈I is an * -g-frame for H with respect to K. 
K-frame for End
We begin this section with the follwing definition.
, we have
This shows that {T
is a Parseval K-frame for End * A (H). Similar to Remark 1 in [12] we have Remark 5.3.
(1) Every frame for End *
It follows from the previous theorem.
if and only if it is a K-g-frame for H whit respect to K.
Proof. Let {T i } i∈I be a K-g-frame for H with respect to K.
i.e {T i } i∈I is a K-frame for End * A (H, K). Conversely, assume that {T i } i∈I be a K-frame for End * A (H, K). Then there exists two positive constants A and B, such that
Let y ∈ H and T ∈ End * A (H, K) such that T * x = y, then A KK * y, y A ≤ i∈I T * i T i y, y A ≤ B y, y A , ∀y ∈ H,
i.e A K * y, K * y A ≤ i∈I T i y, T i y A ≤ B y, y A , ∀y ∈ H, thus {T i } i∈I is a K-g-frame for H with respect to K. i.e {T i } i∈I is a generalized K-frame for End * A (H, K). Conversely, assume that {T i } i∈I be a generalized K-frame for End * A (H, K). Then there exist strictly positive elements A and B in A, such that A T K, T K ≤ i∈I T, T i T i , T ≤ B T, T , ∀T ∈ End * A (H, K),
